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Discrete selfsimilarity in the formation of satellites for viscous cavity break-up
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The breakup of a jet of a viscous fluid with viscosity µ1 immersed into another viscous fluid with
viscosity µ2 is considered in the limit when the viscosity ratio λ = µ1/µ2 is close to zero. We show
that, in this limit, a transition from ordinary continuous selfsimilarity to discrete selfsimilarity takes
place as λ decreases. The result being that instead of a single point breakup, the rupture of the
inner jet occurs through the appearance of an infinite sequence of filaments of decreasing size that
will eventually produce infinite sequences of bubbles of the inner fluid inside the outer fluid. The
transition can be understood as the result of a Hopf bifurcation in the system of equations modelling
the physical problem.
The breakup of fluid filaments into drops is one of
the most relevant and widely studied problems in fluid
mechanics. It is both a fundamental problem since the
times of Savart, Plateau and Rayleigh [1], [2], [3] and an
issue of paramount importance for technological appli-
cations based on inkjet printing technology, micro and
nano-encapsulation, production of filaments by electro-
spinning, etc (see [4] for a general review). The com-
plementary problem, i.e. the closure of an axisymmetric
cavity and the formation of bubbles, has also been widely
studied due to its important role as a mechanism for air
entrainment into the ocean [5] and also connected to tech-
nical applications [6]. When a viscous thread or a cavity
breaks-up into drops, it is frequently the case that the re-
sult is a sequence of drops or bubbles of similar size sur-
rounded by droplets/bubbles of much smaller size called
satellite drops/bubbles [7], [8]. The origin and possible
control of such satellites remains a puzzle and an obstacle
for many practical applications where precise knowledge
of the size of the drops/bubbles produced is needed. Re-
markably, the pinch-off of a liquid thread is a singularity
[9] governed by simple similarity laws and occurs accord-
ing to self-similar functions as first described in [10]. In
this letter we describe and explain the formation of gen-
erations of satellites in the breakup of a very low viscosity
fluid jet inside a viscous environment as the result of a
discretely self-similar (DSS) process. This is in contrast
with continuous self-similarity that explains the discon-
nection of a single drop from a jet: DSS is a periodic
process in similarity variables, i.e. a process that repeats
itself in a logarithmic time scale (as one approaches a
singular time) and decreasing spatial windows, with the
result of infinite sequences of structures of decreasing size
[11].
We consider a viscous jet, with viscosity µ1, inside a
viscous surrounding media with viscosity µ2, and define
the viscosity contrast parameter λ = µ1
µ2
. The fluid vari-
ables velocity v and pressure p for both fluids satisfy
Stokes equations with the condition that the difference
of viscous stresses at the interface balance surface ten-
sion (proportional to the interface’s mean curvature κ,
with surface tension coefficient γ and along the normal
direction n):
(σ2 − σ1) · n = γκn
The fluid interface, described by the distance h(z, t) to
the axis of symmetry, evolves following the velocity field.
The interfacial velocities are solved via boundary-integral
equations in axisymmetric geometry. The for-aft symme-
try is imposed so that only half of the drop shape needs
to be determined. The interface velocities are assumed
to vary linearly along each boundary element and inte-
gral is computed by using standard 4- or 6-point Gauss-
Legendre formula. The weakly singular integral is solved
by using Gauss-log quadrature. After obtaining veloci-
ties, the interface is updated by the first order Euler time
scheme (details can also be found in [12], [13]). When the
drop is close to pinching, the local grid points are redis-
tributed to maintain a smoothly varying spacing propor-
tional to arctan
(√
(z − zmin)2 + r2min
)
[14]. The sim-
ulation is stopped when the drop radius is about 10−4
or smaller (when drop interface oscillation occurs, the
simulation may stop earlier).
Direct scaling yields a linear low for the filament ra-
dius vs time near pinch-off and a also a linear axial scale
vs time: h(z, t) = (t0 − t)ϕ((z − z0)/(t0 − t)) where t0,z0
are the pinchoff time and point respectively and ϕ(ξ) is
a function behaving linearly at infinity so that the ge-
ometry at pinchoff is that of two cones touching at their
vertex (see figure 2). This is the classical result reported
in the literature [15], [16], [17]. Nevertheless, as we can
appreciate in figures 2, 1, for sufficiently small λ, cor-
responding to an inner fluid of very low viscosity, the
evolution clearly deviates to the simple linear law and
presents a complex oscillatory behaviour instead, result-
ing in the formation of a sequence of satellites. This is
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FIG. 1. Evolution of dhmin
dt
, the velocity of the thinning
filament radius vs the minimum radius. According to simple
scaling dhmin
dt
should converge to a constant ad hmin tends to
zero. This is clear for λ = 0.08, but unclear for λ = 0.0075.
In the later case, oscillations near pinch-off are observed.
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FIG. 2. Evolution of a liquid jet and disconnection of a drop.
Dotted line: initial data. Continuous line: finite time breakup
through the formation of conical singularities for λ = 0.08
and the formation of a sequence of satellites for λ = 0.0075.
a fact reported in recent experiments [18] in connection
with the healing of an annular viscous film.
In what follows we study an asymptotic model for the
limit of very low viscosity inner fluid inside an outer vis-
cous fluid. More precisely, by considering the viscosity
ratio λ = ε2λ0 where λ0 = O(1) and ε is the slenderness
ratio between typical transversal and longitudinal length
scales. One can then obtain the system (see [19], [12],
[13]):
∂h
∂t
=
1
16λ0
1
h
∂
∂z
(
h4
∂p
∂z
)
(1)
p =
1
h
+
2
h
∂h
∂t
(2)
Note that the change of variables t → 2t, z → √8λ0 al-
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FIG. 3. Profiles and axial velocities of the liquid jet for var-
ious times close to the breakup time and showing oscillations
in the case λ = 0.0075.
lows to remove the constants 1
16λ0
and 2 from the equa-
tions and, after writing from (2)
∂h
∂t
= (ph− 1) (3)
and inserting into (1) we obtain the equation
− 1
h2
∂
∂z
(
h4
∂p
∂z
)
+ p =
1
h
(4)
The system (3), (4) consists then of an ordinary differ-
ential equation for h coupled with a linear elliptic partial
differential equation for p. We can, in principle, solve the
linear problem (4) for the pressure p and write
p = Kh
[
1
h
]
for some nonlinear integral operator Kh, and insert into
(3) to obtain
∂h
∂t
= (Kh
[
1
h
]
h− 1) (5)
which in an integro-differential equation for h(z, t). We
will see that, despite its simplicity, the solutions to equa-
tion (5) displays a very interesting dynamics directly re-
lated to discretely selfsimilar features (see [11]) leading,
in this case, to the formation of cascades of satellite bub-
bles of the inner fluid inside the outer fluid.
We have solved (3), (4) numerically for an initial data
h(z, 0) = 1 + 0.1 cos(2pix/L) with L = 4 and obtained
the profile in figure 4 where finite time breakup develops
in the apparent form of two conical shapes touching at
the breakup point. This observation is reinforced by the
existence of a selfsimilar solution to (3), (4) in the form
h(z, t) = (t0 − t)H(z/(t0 − t))
p(z, t) = (t0 − t)−1P (z/(t0 − t))
30 0.5 1 1.5 2 2.5 3 3.5 4
−2
−1.5
−1
−0.5
0
0.5
1
1.5
2
z
h
FIG. 4. Evolution of a liquid jet. Dotted line: initial data.
Continuous line: finite time breakup through the formation
of conical singularities.
where t0 is the breakup time and H(ξ), P (ξ) satisfy the
system
−H + ξH ′ = HP − 1 (6)
− 1
H2
(
H4P ′
)′
+ P =
1
H
(7)
together with the boundary conditions H ∼ ν±ξ,
P ∼ µ±ξ−1 as ξ → ±∞. Note that the linear asymp-
totic behaviour of H implies that the local shape near
the breakup point is in the form of two cones with semi
angles θ± = arctanν±. By means of a Newton iteration
scheme we have solved (6), (7) subject to boundary con-
ditions implying a linear asymptotic behaviour of H(ξ)
and found the profile represented in dotted lines in figure
6. In particular, we can compute θ+ ≃ 44o and θ− ≃ 9o.
In figure 5 we represent the evolution profiles for sev-
eral times close to the breakup time and in figure 6 the
same profiles rescaled by the factor (t0 − t)−1 and com-
pared to the selfsimilar solution. As we can see, the nu-
merical profiles evolve around the selfsimilar solution but
do not seem to converge to it. In fact, as we approach
the singularity, instabilities develop in the form of oscil-
lations whose length-scale decreases as we approach the
singularity point (see the undulations in figure 5). This
is the signature of discrete self-similarity (DSS), i.e. τ -
periodic solutions of the equations (3), (4) in similarity
variables τ = − log(t0 − t), ξ = z/(t0 − t):
Hτ −H + ξH ′ = HP − 1 (8)
− 1
H2
(
H4P ′
)′
+ P =
1
H
(9)
As we showed in [11], discretely self-similar solutions may
appear as the result of a Hopf bifurcation around a con-
tinuously selfsimilar solution where the later solution be-
comes unstable giving rise to a periodic orbit around it
2.65 2.7 2.75 2.8 2.85
0
0.005
0.01
0.015
0.02
0.025
0.03
0.035
z
h
FIG. 5. Numerical profiles for five different times as we ap-
proach the singularity.
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FIG. 6. The profiles of 5 rescaled according to the similarity
laws together with the selfsimilar profile.
(the DSS solution). In the present case, our numerical re-
sults show evidence of periodicity in the self-similar vari-
ables and the result is an infinite sequence of iterated
filaments of decreasing length-scale that develop as we
approach the singularity (see figure 7). The breakup of
these filaments can give rise to and infinite sequence of
satellite bubbles of the inner fluid inside the outer fluid.
The presence of periodic structures is also visible in 8,
where we represent hp which, according to the scaling
laws for h and p near the singularity, should converge to
a universal function HP that tends to constant ν±µ± as
|ξ| → ∞. As we can see in the figure, the behaviour is
not that of convergence to a constant (dotted line) but
oscillatory around that constant instead. Secondary in-
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FIG. 7. Two profiles close to the singularity time. The one
closer to t0 has developed a sequence of undulations in the
form of iterated structures approaching the point of breakup.
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FIG. 8. The function hp for various times close to t0 where
the presence of a sequence of oscillations is visible. Also, indi-
cated with arrows, the development of secondary oscillations
that will give rise to the appearance of cascades of secondary
structures.
stabilities, visible in figure 8, will develop into secondary
cascades of iterated filaments and hence may give rise to
new cascades of subsatellite bubbles.
In order to obtain a better understanding of the origin
of DSS solutions in this problem, we consider now higher
order viscous effects for the pressure in (2), in the form
(cf. [13])
p =
1
h
+
2
h
∂h
∂t
+
g
h2
∂
∂z
(
h4
∂
∂z
1
h
)
where g = 1
8λ0
. Numerically we found a transition be-
tween damped oscillations and periodic solutions (a Hopf
bifurcation) when the parameter g ≃ 0.06. A periodic or-
bit in self-similar coordinates implies that the breakup of
the jet occurs in such a way that selfsimilarity holds at
discrete times t1, t2,..., approaching the breakup time t0;
if T is the period of the orbit in selfsimilar coordinates,
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FIG. 9. Geometry of a jet near breakup for g = 0. A se-
quence of bubbles can be be seen together with the detail
near breakup in the neighborhood of a satellite.
then tN+1/tN = e
−T . Then, the sequence of bubbles
that appear are located at distances d1, d2,...,dN from
z0 (with dN → 0 as N → ∞) and will have a radius
r1, r2,...,rN ,.... Using h = e
−τH and z − z0 = e−τξ we
deduce
rN+1
rN
= e−T ,
dN+1
dN
= e−T .
Away from the Hopf bifurcations (at g = 0, for instance)
secondary instabilities may create new cascades of bub-
bles between consecutive bubbles which may again con-
tain new cascades, etc, creating a fractral set. In figure
9 we represent the result, near breakup, of the evolution
for initial data h(x, 0) = 1 + 3
4
cos
(
pix
2
)
and for g = 0. A
sequence of bubbles can be be appreciated and breakup
will occur near a satellite bubble. The region around the
breakup point presents the characteristic two-cone geom-
etry plus instabilities, as in figure 7, which will give rise
to new cascades of bubbles, and the process will repeat
infinite times.
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